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Abstract. The Rouse-Zimm equation for the position vectors of beads 
mapping the polymer is generalized by taking into account the viscous 
aftereffect and the hydrodynamic noise. For the noise, the random fluctuations 
of the hydrodynamic tensor of stresses are responsible. The preaveraging of the 
Oseen tensor for the nonstationary Navier-Stokes equation allowed us to relate 
the time correlation functions of the Fourier components of the bead position 
to the correlation functions of the hydrodynamic field created by the noise. The 
velocity autocorrelation function of the center of inertia of the polymer coil is 
considered in detail for both the short and long times when it behaves 
according to the t-3/2 law and does not depend on any polymer parameters. The 
diffusion coefficient of the polymer is close to that from the Zimm theory, with 
corrections depending on the ratio between the size of the bead and the size of 
the whole coil. 
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Introduction 
 
 The most popular theories of polymer dynamics are the bead-spring Rouse [1] and Zimm 
[2] phenomenological models that are considered universal models for the polymer long-time 
dynamics [3, 4]. In spite of some fifty years of investigations of these models, there are still 
problems in their applications in the interpretation of experiments, such as the dynamic light 
or neutron scattering [5 - 7]. For example, the “universal” plateau in the Zimm plot of the first 
cumulant of the dynamic structure factor is lower than predicted in the Rouse-Zimm (RZ) 
theory for flexible polymers. The diffusion coefficients of the polymer coils determined from 
the dynamic scattering at small wave vector transfers do not correspond to the static scattering 
data, etc. The origin of these discrepancies remains unclear for decades [8, 9]. The 
development of the theory of polymer dynamics, even in the simplest case of ideal flexible 
polymers in dilute solutions, is thus still of interest.  
 In our previous papers [10, 11], a generalization of the RZ theory that can be called the 
hydrodynamic RZ model has been proposed. The main idea of this generalization comes from 
the theory of the Brownian motion, which lies in the basis of the RZ model. In the usual 
(Einstein) description [3, 4], the resistance force on the bead during its motion in the solvent 
is the Stokes force, which is at a given moment of time t determined by the bead velocity at 
the same time. This approximation is valid only for the steady motion, i.e., at t → ∞. In a 
more general case, within the Navier-Stokes hydrodynamics, the friction force on the 
Brownian particle should be the Boussinesq force [12] called the history force since at the 
time t it depends on the state of the particle motion in all the preceding moments of time (for 
incompressible fluids t >> b/c where c is the velocity of sound and b the radius of the 
spherical particle). This was first noted by Vladimirsky and Terletzky [13] who have built the 
hydrodynamic theory of the translational Brownian motion. For compressible fluids it was 
generalized in the work [14], and the hydrodynamic rotational Brownian motion was first 
considered in Ref. [15]. The hydrodynamic memory (or the so-called viscous aftereffect) is a 
consequence of fluid inertia. In the Brownian motion it displays in the “long-time tails” in the 
particle velocity autocorrelation function (VAF) that became famous after their discovery in 
the computer experiments on simple liquids (for a review see, e.g., [16]). The tails reflect 
strong correlations with the initial state of the particle and persist for a long time. The time 
dependence of the mean square displacement (MSD) of the particle changes from the 
“ballistic” regime at short times to the Einstein diffusion when the MSD is proportional to t. 
The nondiffusive regime with the characteristic time τb = b2ρ/η (ρ is the density of the solvent 
and η its viscosity) was observed in the dynamic light scattering (DLS) experiments, e.g. [17] 
(for recent experiment, using optical trapping interferometry, see [18, 19]). The sizes of the 
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studied particles (hundreds of nanometers or even much smaller) were similar to those of long 
polymer coils in solution. One could thus expect that the hydrodynamic memory affects the 
dynamics of polymers as well, and that these effects are experimentally detectable.  
 In the next section we briefly summarize the approach used in our previous papers [10, 
11, 20]. Then we derive the generalized RZ equation taking into account the effects of 
hydrodynamic noise, with random fluctuations of the hydrodynamic stress tensor being 
responsible for the noise. The spectral properties of the random forces acting on the polymer 
beads are determined by the hydrodynamic susceptibility of the solvent. Using the 
preaveraging approximation, we relate the time correlation functions of the Fourier 
components of the bead radius vector to the correlation functions of the hydrodynamic field 
created by the noise. The VAF of the center of mass of the coil has been considered in detail. 
At long times its behavior follows the algebraic t-3/2 law and does not depend on the polymer 
parameters. This particular result exactly corresponds to that known from the theory of 
Brownian motion for individual rigid particles. It also agrees with the computer simulation 
study [21] and older theoretical results that take into account the inertial effects in the motion 
of macromolecules in solution [22, 23]. In the work [22], the macromolecule was regarded as 
a stiff spherical particle permeable to solvent. Its interaction with the fluid was described by 
the Brinkman [24] (or Debye-Bueche [25]) equations. In Ref. [23], a similar approach to that 
used in the present work has been applied, i.e., the random sources have been incorporated in 
the Navier-Stokes equations to account for the hydrodynamic fluctuations. The authors have 
obtained equations of motion for the macromolecule in solution and analyzed the influence of 
nonstationary fluid motion on the dynamics of Zimm polymers through time-dependent 
correlation functions. However, there are several differences in [23] from our results, which 
will be discussed below.  
 
1. Hydrodynamic Rouse-Zimm model 
 
 In the traditional RZ model [3], the forces acting on the nth bead are chnf

 (the force from 
the neighboring beads in the chain), nf

 (the random force due to the hits of the molecules of 
solvent), and frnf

 (the friction force on the bead during its motion in the solvent). With the 
hydrodynamic interaction taken into account, the latter force is the Stokes one, 
 
( )fr nn ndxf xdtξ υ
 
= − −  

  
,                 (1) 
 
where nx

 is the position vector of the bead and ( )υ nx  is the velocity of the solvent in the 
place of the nth bead due to the motion of other beads. The friction coefficient is ξ = 6piηb 
with η being the solvent viscosity and b the radius of the bead. In Refs. [10, 11], we have 
generalized the RZ equation by taking into account the viscous aftereffect. Instead of the 
Stokes force (1), the Boussinesq friction force was used and the Oseen tensor was built on the 
basis of nonstationary Navier-Stokes equation. Here we give the modified RZ equation after 
the Fourier transformation in the time. In the continuum approximation with respect to the 
discrete variable n, the equation of motion for the nth bead had the form 
 
 
( ) ( ) ( ), 21( ) chi x n f n f n M x nω ω ω ωα α α αωω ωξ  − = + +    
  
 
   ( ) ( )
2
2
2 2
0
3N B
nm
xk TdmH f m M x m
a m
ω
βω ω ω
αβ β βω
 ∂
+ + + ∂  
∫        (2) 
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In this equation, а is the mean square distance between the beads along the chain, М is the 
bead mass,  
 
( )211
9
b bωξ ξ χ χ = + +   ,                (3) 
 
is the frequency-dependent friction coefficient with the positive real part of /iχ ωρ η= − , ρ 
is the solvent density, and ( ( ) ( ) )ω ωαβ αβ= −

nmH H x n x m  is the Fourier transformation of the 
Oseen tensor. The explicit expression for this tensor is given in [26]. After the preaveraging of 
the tensor over the equilibrium pair distribution function  
 
( ) ( ) 3/ 222 3nmP r a n mpi −= − ( )2 2exp 3 2nmr a n m − −  ,    ( ) ( )nmr x n x m≡ −   ,     (4) 
 
the result reads 
 
( )
0nm
H h n mω ωαβ αβδ= − ,                (5) 
 
( ) ( ) ( ) ( ) ( )1/ 2 13 26 1 exp erfch n m n m a z z zω pi η pi− −  − = − −  ,    ( )1/ 26z a n mχ≡ − . 
 
The approximation significantly simplifies Eq. (2), which becomes the system of linear 
integro-differential equations with the random sources (Langevin equations). In the 
continuum limit one has to add the conditions for the end beads, 
 
( ) 0x n nω∂ ∂ = ,   n = 0, N                   (6) 
 
The solution of Eq. (2) can be searched for in the form of Fourier expansion in the internal 
modes of the chain  
 
( ) ( )0 12 cosppx n y y np Nω ω ω pi≥= + ∑   ,   ( )1 0 ( )cos /
N
p Ny dn x n np N
ω ω pi= ∫
 
 .     (7) 
 
In this case the amplitudes ωpy

 are determined by linear algebraic equations. The elements of 
the Fourier transformation of the matrix  
 
( )2
0 0
1
cos ( / ) cos( / )
N N
pqh dn dm h n m pn N pm NN
ω ω pi pi= −∫ ∫          (8) 
 
are diagonal at large values of the indexes. If both the indexes are of the order of 1, the non-
diagonal elements are much smaller than the diagonal ones [4]. Neglecting the non-diagonal 
elements, in Eq. (8) the result of the transformation for р ≈ l can be used in the same form as 
for large р. Then we have for the Fourier amplitudes  
 
12
p p p py f i M Kω ω ωω ω
−
 = − Ξ − + 

,              (9) 
 
where 
 
1
1 (2 )0 N hp ppp
ω ω ωξ δ
−
Ξ = + −   
,   Kp = 3pi2p2kBT/(Na)2, p = 0, 1, 2 …          (10) 
 
The spectral properties of the amplitudes of the random forces pf ω

 follow from the 
fluctuation-dissipation theorem (FDT) [27] so that  
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( )
0
Re(2 )
B
p q p pq
p
k Tf f
N
ω ω ω
α α αβδ δ δ ω ωδ pi
′
′= Ξ +
−
.               (11) 
 
Using these properties, we have in the work [11] analyzed the dynamics of the polymers in 
the dilute solution. This is not the unique way how to determine the spectral properties of 
these forces in the theory of the Brownian motion. In what follows we shall study the 
properties of the random forces based on a different approach. 
 
2. Effects of hydrodynamic noise 
 
 At the motion of a spherical particle in liquid we shall take into account, along with the 
velocity field created by the motion of this particle, the additional velocity and pressure fields 
due to the spontaneous fluctuations of the tensor of random stresses, αβS  (the spontaneous 
hydrodynamic noise). The noise is assumed to be Gaussian, with the first moment equal to 
zero, and the quadratic fluctuations of the tensor are defined by the delta-correlated 
expression [27] 
 
( ) ( ) ( ) )()(2,, 32 ttrrTktrStrS B ′−′−−+=′′ ′′′′′′′′ δδδδδδδδη βααββαβαββααβααβ  .       (12) 
 
Let the velocity ( )rωυ   and the pressure ( )ω p r  be the Fourier components of the field of 
hydrodynamic noise, which is created by the random stresses ωαβS  in the absence of the 
particle, and the fields in the presence of the particle moving with the velocity nx

 will be 
denoted by )(rV 

ω
 and )(rP ω . The origin of the spherical system of coordinates will be 
chosen in the center of inertia of the particle. The boundary problem for the determination of 
the Fourier components of the velocity and pressure is written in the following form: 
 
ω
αββ
ω
α
ωωωω ηωρ SFFVPVi ∇=+∆+−∇=− ,

,  0div =ωV

           (13) 
 
)(),()();|(|,)( brrrVbxrxbrV nn >>→=−== 


ωωωω υ .           (14) 
 
The solution of a similar problem is given in the works by Bedeaux and Mazur [28 - 30], 
where it was used for the determination of the tensor of stresses and the hydrodynamic force 
acting on the particle. We use these results and represent the hydrodynamic force on the 
elements of the polymer chain in the form of two contributions. The first of them coincides 
with the nonstationary expression (1),  
 
, ( )frn n nf x xω ω ω ωξ υ = − − 
  
,                    (15) 
 
and the second one is expressed as a random force, the properties of which are determined by 
the correlators (12), 
 [ ])()()1( 2231 nVnSn xbxbf  ωωω υχυχξ ++=                 (16) 
 
(χ is defined after Eq. (3)). Here, the following integrals over the surface and volume of the 
particle are introduced, the center of inertia of the particle being placed in the point nx

: 
 
dVrxVxdSnbxSx nn
V
nn
S ∫∫ +=+= −− )()(,)()( 101
 ωωωω υυυυ .          (17) 
 
Note that integrating at 0=nx

 for the bilinear averages of the random force (16) and using 
(12), the result [30] exactly coincides with the traditional one, based on FDT [27],  
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( )ωωδδξ αβωωβωα ′+=′ Re2 Tkff B .                 (18) 
 
We use equations (15), (16), and (17) to construct bilinear spectra of the internal amplitudes 
of the polymer chain, 
 
( ) ( )qqpp
qp
qp KMiKMi
ff
yy
+′−Ξ′−+−Ξ−
=
′
′
′
22 ωωωω ωω
ω
β
ω
αω
β
ω
α
            (19) 
 
which are connected to the spectral densities of the noise by the integral transformation  
 
∫ ∫
′′
=
N N
mnqp N
qm
N
pnffdmdn
N
ff
0 0
2 coscos
1 pipiω
β
ω
α
ω
β
ω
α .              (20) 
 
The quadratic fluctuations (12) of the stress tensor are delta-correlated so that one can 
immediately write 
 
( ) ( ) ( )n m n mf f A A x r x rω ω ω ωα β α βδ ω ω υ υ′ ′′ ′ ′= + + +
     
, ( )n nf A x rω ωυ= +
    
,          (21) 
 
where we have introduced the operator A

 acting according to the rule (16). The spectral 
density of the fluctuations of the velocity field due to the influence of noise is well known and 
is determined by integrating the hydrodynamic susceptibility [31] 
 
kd
k
RRkikTkRR B



∫ +
′−
=′
∗
422
2
3
))(exp(
12
)()(
νω
ν
ρpi
δυυ αβωβωα ,             (22) 
 
where ν is the kinematic viscosity. Before performing the double integration in Eq. (20) over 
the discrete variables (the continuum approximation), we average the exponential in Eq. (22) 
over the equilibrium distribution function ( )nmP r  (Eq. (4)) of the chain elements (as in the 
case of the Oseen tensor): 
 
∫ 





−−==− mn
ak
rdrPrkixxki nmnmnmmn 6
exp)()exp())(exp(
22
0

.          (23) 
 
From here, after the integral transformation we find in the same approximation as for the 
Oseen matrix elements pqh  
 
[ ] 224 220 )/6(24))(exp( Napk kpNaxxki pqpqmn piδ +≈−  .             (24) 
 
Now, Eq. (20) can be written in the form 
 
4
3 2 4 2 4 2 2
2 exp( ( ))( ) ( / ) (6 / )
B
p q pq
k T AA ik r r kf f dk
pNa k k p Na
ω ω
α β αβδ ω ω δ δ pi η ω ν pi
∗
′
′ ′
−
′≈ +
+ +∫
   

.       (25) 
 
After the action of the operator A

 we have 
 
2 2sin sinexp( ) (1 ) ( ) cos ( )bk bkA ikr b b bk bk
bk bk
ξ χ χ −  = + + −  
  
 
.           (26) 
 
Now the spectral density of the amplitudes ωpy  can be written for p = 1, 2, ... as 
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2224224
6
0
22
2
)/6(
1
)/(
24
Nabpkbk
kdk
pNa
bTk
y Bp
piνωηpi
ω
++
= ∫
∞
 
 
  
2
2
2
23
2 cossin)(sin)1(
pp KMik
k
k
kb
k
kb
+−Ξ−






−++×
ωω
ξχχ
ω
.        (27) 
 
The integration over the dimensionless variable can be performed using the decomposition of 
the integrand in simple fractions. The answer can be expressed in terms of elementary 
functions and the error function. It has a bulky form and we shall not give it here. Instead, we 
shall consider some more simple consequences of the theory. 
 To investigate the diffusion motion of the polymer coil as a whole one should analyze the 
dynamical properties of the radius vector of the center of inertia of the polymer, 
1
0 0
( )NNy dn x nω ω= ∫
 
.The diffusion coefficient of the coil can be found using the Kubo formula 
 
dtytyD ∫
∞
〉〈=
0
00 )0()(3
1 
,                     (28) 
 
Equivalently, it can be expressed through the spectral density 0
2
0 =ω
ωy . Using Eqs. (9), 
(10), and (16), we obtain 
 
( ) ( )
242 2 2
0 22 2 2 2
0 0 0
sin
exp / 6
N N
Bk T k kby dn dm dk k a n m
N kbk
ω ν
pi ρ ω ν
∞
 
= − − 
 +
∫ ∫ ∫

.        (29) 
 
The diffusion coefficient can be easily obtained from the Kubo relation when b = 0: 
 
( )2 22 2 3 2
0 0 0 0 0
exp / 6
3 6
N N N N
B B
Z
k T k T dmD dn dm dk k a n m dn
N n mN api η pi η
∞
= − − =
−
∫ ∫ ∫ ∫ ∫ .       (30) 
 
The double integral equals to 8N3/2/3 and we get the correct diffusion coefficient in the Zimm 
model [3],  
 
( )1/ 23
8
3 6
B
Z
k TD
N api η
= .                     (31) 
 
At b > 0 we introduce the dimensionless parameter 2 2 2 2 26 /( ) / Gb a N b Rσ = =  (RG is the 
gyration radius of the polymer) and use 
 
( ) ( ) ( ) ( ) ( )
0 0 0 0 0 0
2
N N N n N n N
dn dm f n m dn ds f s ds f s N s f s ds
−  
− = + = − 
  
∫ ∫ ∫ ∫ ∫ ∫ .  
 
For 2 2( ) exp( / )f s k s Nσ= − , the double integral from 0 to N in Eq. (29) equals 
 
( )2 2 2 2 2 22 2 22 1 exp /N kk k k
σ σ σ
σ
 
− + − 
 
. 
 
Then the diffusion coefficient is expressed as  
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( )ZD D σ= Ψ ,  ( ) ( )22 24
0
3 sin 1
2
xdx x x e
x x
σ
σ
σpi
∞
−
 Ψ = − + 
 ∫
,            (32) 
 
with the limiting value (0) 1Ψ = , when D = DZ. Integrating Eq. (32), the function Ψ can be 
expressed in terms of elementary functions and the error function. The effective 
hydrodynamic radius of the coil determined from the Einstein relation /(6 )C BR k T Dpiη=  is 
~ / ( )CR a N ψ σ  (see Eq. 31). It thus contains a weak dependence on the ratio between the 
size of the bead b and the size of the coil Na .  
 Let us also consider the VAF of the coil,  
 
( ) 20 0 0 01( ) (0) cos2t y t y d t y
ωω ω
pi
Φ = 〈 〉 = ∫
    
.               (33) 
 
At long times it is sufficient to restrict ourselves to small ω. Again, the most simple case 
corresponds to b = 0. Equations (19) - (27), using the found double integral over n and m and 
the integration over ω, yield 
 
( ) ( ) ( )





−+−−=Φ ∫
∞
6/exp661exp6 222222
0
2
220 NakkNakNa
tkdk
Na
Tk
t B ν
ρpi
.         (34) 
 
The result of integration is  
 
( ) [ ]






+−+=Φ 6/1213 2222/30 NattNatNa
Tk
t B νν
νρpi
.             (35) 
 
It gives the correct asymptote at long times ν6/2Nat >> , which is independent on any 
polymer parameters [22, 23], 
 
( ) ( ) 2/30 4 t
Tk
t B
piνρ
≈Φ .                     (36) 
 
This expression is the same as for individual Brownian particles when the viscous aftereffect 
is taken into account. At short times 6/2Nat <<ν  (assuming however ηρ /2bt >> ) we find 
for the Zimm polymer Φ0(t) ~ t-1/2 
 
( )
tNa
Tk
t B
ρηpi 320
13
≈Φ .                     (37) 
 
For arbitrary b the VAF (33) is instead of Eq. (34) expressed through the integral  
 
( ) ( ) ( )2 2 2 20 2 2 2 2
0
sin 1 1
exp 1 exp G
G G
kb
t dk k t k R
kb R k R k
ν
∞   Φ ∝ − − + −  
   
∫ .          (38) 
 
The integral can be evaluated in terms of the error function and elementary functions. At b = 0 
we return to the previous result (35). 
 Knowing the VAF Φ0(t), it is straightforward to calculate the MSD of the polymer coil. It 
is linked with Φ0(t) by means of the relation [16] 
 
( ) ( ) ( )2 0
0
2
t
r t t t t dt′ ′ ′∆ = − Φ∫

.                   (39) 
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The calculation using Eq. (35) is easy but leads to a rather bulky expression. The result for 
long times ν6/2Nat >>  that corresponds to Eq. (36) has the form 
 
( ) ( ) ( )
1/ 2
1/ 22 1/ 2
1/ 23
8 3 2
... 3 ...
326
B
Z R
k T N
r t t t D t t
N a
ρ
τ
η pipi η
    ∆ ≈ − + = − +    
     

,        (40) 
 
where the characteristic time τR = R2ρ/η can be expressed through the hydrodynamic radius of 
the Zimm coil. The second equality in Eq. (40) is written exactly in the form familiar in the 
theory of the Brownian motion of rigid particles. Note that the MSD found in Ref. [23] must 
be corrected: at long times the main terms of the MSD are the Einstein term ~ t and the 
longest-lived tail, which is negative and proportional to t1/2 instead of the positive ~ t3/2 [23]. 
Figure 1 in Ref. [23] also does not correspond to the correct solution: with growing t the MSD 
should slowly approach the Einstein limit valid for infinitely long times.  
 
3. Conclusion 
 
 At scales of nanometers to micrometers, typical for long polymers in solution, thermal 
fluctuations cannot be neglected, but must be incorporated as random terms in the equations 
of hydrodynamics. Such terms are responsible for the mechanical and thermal energy 
equations underlying Brownian motion. Since the Brownian motion plays the crucial role in 
the theory of the dynamics of polymers in solution, the basic equations describing the 
polymer motion should be the fluctuating hydrodynamics equations. In the present work such 
approach was used to describe the diffusion of individual flexible polymer coils within the 
Zimm model with the hydrodynamic interactions between the polymer segments. In spite of 
rather involved calculations, the final results are quite simple. The obtained expressions 
significantly differ from the known ones that are based on the Einstein theory of the Brownian 
motion and the usual stationary Navier-Stokes hydrodynamics for large volumes. The 
simplest result found for the long-time tail of the velocity autocorrelation function of the coil 
corresponds to the expression known from the hydrodynamic theory of the Brownian motion 
of rigid particles and was derived earlier also for the polymers [22, 23]. For the times t >> 
R2ρ/η the VAF scales as t-3/2. In our theory this law follows from the simple equation (35), 
which allows obtaining the time dependence of the VAF also for short times, when it scales as 
t-1/2. We have also calculated the mean square displacement and found the diffusion 
coefficient of the coil in the form of the Zimm diffusion coefficient multiplied by a function 
that depends on the ratio between the radius of the bead and the size of the whole coil. The 
theory for the coil diffusion can be supplemented by the consideration of the internal motion 
of the polymer. It could be done but, as shown in Refs. [11, 20], the effects of the 
nonstationary hydrodynamics on the relaxation of internal modes are weak and hardly 
detectable experimentally. As opposite, the “anomalous” diffusion of the polymers at short 
times should be observable in dynamic scattering experiments.  
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